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1. Introduction
Let  be an open set in Rn and let  and  be locally ﬁnite nonzero Borel measures on . We also use
the following notation: l is a positive integer, 1p<∞, q > 0, dx is an element of the Lebesgue measure
mn on R
n
, and f is an arbitrary function in C∞0 (), i.e. an inﬁnitely differentiable function with compact
support in . By Mt we mean the set {x ∈  : |f (x)|> t}, where t > 0. We shall use the equivalence
relation a ∼ b to denote that the ratio a/b admits upper and lower bounds by positive constants depending
only on n, l, p, q.
In this paper we discuss variants and applications of the inequality∫ ∞
0
capp(Mat ,Mt) d(tp)c(a, p)
∫

|gradf |p dx, (1)
where a = const> 1 and capp is the so-called conductor p-capacitance (see (10)). A discrete version of
(1) and its analogue involving second order derivatives of a nonnegative f were obtained by the author
in 1972 [22].
By monotonicity of capp the conductor inequality (1) implies∫ ∞
0
capp(Mt,) d(tp)C(p)
∫

|gradf |p dx, (2)
which was also proved in [21] with the best constant
C(p) = pp(p − 1)1−p.
(For p = 2 inequality (2) with C(2) = 4 was used without explicit formulation already in [19–21].)
Inequality (2) and its various extensions are sometimes called either capacitaryor strong type capacitary
inequalities.
They are of independent interest and have numerous applications to the theory of Sobolev spaces,
linear and nonlinear partial differential equations, calculus of variations, theories of Dirichlet forms and
Markov processes, etc. ([1–5,7,10–12,14,15,17,21,22,25,30,35–39] ).
It is, perhaps, worth mentioning that the proof of (1) is so simple and generic that it works in a much
more general frame of analysis on manifolds and metric spaces (see [13,16]).
In what follows, we deal mostly with applications of conductor inequalities to two measure Sobolev
type imbeddings which seem to be unattainable with the help of capacitary strong type inequalities. In
particular, we sometimes assume that n = 1 and we study inequalities of the type(∫

|f |q d
)1/q
C
(∫

|f (l)|p dx +
∫

|f |p d
)1/p
, (3)
where f ∈ C∞0 (), and their analogues involving a fractional Sobolev norm. Inequality (3) and its
applications were the subject of extensive work. See, for example, books [8,18,23,28,32], papers
[6,9,21,27,29,31,33,34], and references given there.
Let n= 1, x ∈ R, d > 0, and let d(x) denote the open interval (x − d, x + d). The equivalence of the
inequality(∫

|f |q d
)1/q
C
(∫

|f ′|p dx +
∫

|f |p d
)1/p
(4)
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with an arbitrary f ∈ C∞0 () and qp, and the statement
(d(x))
p/qconst(1−p + (d+(x))), (5)
where x, d and  are such that d+(x) ⊂ , is valid without complementary assumptions about  and .
Criterion (5) is a particular case of a general multi-dimensional condition equivalent to the inequality(∫

|f |q d
)1/q
C
(∫

|(x, gradf )|p dx +
∫

|f |p d
)1/p
(6)
obtained in [21] (see also [23, Theorem 2.3.7]). The condition just referenced is formulated in terms of
the conductor capacitance generated by the integral∫

|(x, gradf )|p dx,
where the function:×Rn  (x, y) → (x, y) is positively homogeneous in y of degree 1 and subject to
the Caratheodory condition. In the one-dimensional case, when this capacitance is calculated explicitly
(see either [21, Lemma 4] or [23, Lemma 2.2.2/2]), the general criterion just mentioned takes a much
simpler form, which is given in (5).
We conclude Introduction with a brief outline of the contents of the paper. A proof of (1) is given in
Section 2. In Sections 3 and 4 we discuss inequality (4) and give a criterion for its multiplicative analogue.
A necessary and sufﬁcient condition for the compactness and two-sided estimates of the essential norm
of the imbedding operator associated with (4) are obtained in Section 5.
In Section 6 we characterise the inequality(∫

|f |q d
)1/q
C
(∫

|f ′′(x)|p dx +
∫

|f |p d
)1/p
(7)
with 1<pq <∞, restricted to nonnegative functions f ∈ C∞0 (), by requiring the condition
(d(x))
p/qconst(1−2p + (d+(x)) (8)
to be valid for all intervals d+(x) ⊂ . A simple example shows that (8) does not guarantee (7) for all
f ∈ C∞0 (). We also give counterexamples showing that the necessary condition for (3)
(d(x))
p/qconst(1−lp + (d+(x)) (9)
is not sufﬁcient if l3.
Section 7 is dedicated to multi-dimensional conductor (p, l)-capacitance inequalities for fractional
Sobolev Lp-norms of order l in (0, 1) and (1, 2). The article is concluded with necessary and sufﬁcient
conditions for two-measure multi-dimensional inequalities of type (6) involving fractional norms.
2. Inequality (1)
Let g and G denote arbitrary bounded open sets in Rn subject to g¯ ⊂ G, G¯ ⊂ . We introduce
the p-capacitance of the conductor G\g (in other terms, the relative p-capacity of the set g¯ with
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respect to G) as
capp(g¯,G) = inf
{∫

|grad(x)|p dx :  ∈ C∞0 (G), 01 on G
and  = 1 on a neighborhood of g
}
. (10)
This inﬁmum does not change if the class of admissible functions  is enlarged to
{ ∈ C∞() : 1 on g, 0 on \G} (11)
(see [23, Section 2.2]).
Now, we derive a generalization of the conductor inequality (1).
Proposition 1. For all f ∈ C∞0 () and for an arbitrary a > 1 inequality (1) holds with
c(a, p) = p log a
(a − 1)p .
Proof. We show ﬁrst that the function t → capp(Mat ,Mt) is measurable. Let us introduce the open set
S := {t > 0 : |grad f |> 0 on Mt } whose complement has zero one-dimensional Lebesgue measure by
the Morse theorem. Let t0 ∈ S. Given an arbitrary > 0, there exists a function  ∈ C∞0 (Mt0), = 1 on
a neighbourhood Mat0 , and such that
‖grad‖pLpcapp(Mat0,Mt0) + .
Since t0 ∈ S we deduce from (10) that for all sufﬁciently small 	> 0
‖grad‖pLpcapp(Ma(t0−	),Mt0+	).
Therefore,
capp(Ma(t0±	),Mt0±	)capp(Mat0,Mt0) + ,
which means that the function t → capp(Mat ,Mt) is upper semicontinuous onS. The measurability of
this function follows.
Let 
 denote a locally integrable function on (0,∞) such that there exist the limits 
(0) and 
(∞). Then
there exists the improper integral∫ ∞
0
(
(t) − 
(at)) dt
t
:= lim
→0+,N→+∞
∫ N

(
(t) − 
(at)) dt
t
,
and the following identity∫ ∞
0
(
(t) − 
(at)) dt
t
= (
(0) − 
(∞)) log a (12)
holds. Setting here

(t) : =
∫
Mt
|gradf |p dx,
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we obtain∫

|gradf |p dx 1
log a
∫ ∞
0
∫
Mt\Mat
|gradf |p dx dt
t
.
By (10) the right-hand side exceeds
(a − 1)p
p log a
∫ ∞
0
capp(Mat ,Mt) d(tp)
and (1) follows. 
3. Applications of (1)
The following lemma, essentially resulting from (1), is a particular case of the general result from [21]
and mentioned in Introduction.
Lemma 1. Let 1pq. The inequality(∫

|f |q d
)1/q
C
(∫

|gradf |p dx +
∫

|f |p d
)1/p
(13)
holds for all f ∈ C∞0 () if and only if there exists a constant K > 0 such that for all open bounded setsg
and G, subject to g¯ ⊂ G, G¯ ⊂ , the inequality
(g)1/qK( capp(g¯,G) + (G))1/p (14)
is valid.
We prove this lemma here for readers’ convenience.
Proof. The necessity is proved simply by putting any function  from class (11) into (13). Let us prove
the sufﬁciency of (14). We use the obvious identity
|f |q =
(∫ ∞
0
Mt d(t
p)
)q/p
,
where Mt stands for the characteristic function of the set Mt . Hence
‖f ‖Lq() =
∥∥∥∥
∫ ∞
0
Mt d(t
p)
∥∥∥∥
1/p
Lq/p()
, (15)
where the notation
‖f ‖Lq() =
(∫

|f |q d
)1/q
is used. Since qp, it follows by Minkowski’s inequality that the right-hand side in (15) does not exceed(∫ ∞
0
‖Mt‖Lq/p() d(tp)
)1/p
.
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Hence
‖f ‖pLq()
∫ ∞
0
(Mt)
p/q d(tp). (16)
Let a ∈ (1,∞). By (16) and (14)
‖f ‖pLq()ap
∫ ∞
0
(Mat )
p/q d(tp)apKp
∫ ∞
0
(capp(Mat ,Mt) + (Mt)) d(tp),
which, together with Proposition 1, implies
‖f ‖pLq()Kp
(
p ap log a
(a − 1)p
∫

|grad f |p dx + ap
∫

|f |p d
)
.
The sufﬁciency of (14) follows. 
FromLemma1,we shall deduce a sufﬁcient condition for (13)whichdoes not involve thep-capacitance.
Corollary 1. Let n<pq. If for all bounded open sets g and G in Rn such that g ⊂ G, G ⊂ 
(g)1/qK((dist(g, G)n−p + (G))1/p, (17)
then (13) holds for all f ∈ C∞0 ().
Proof. Let  be an arbitrary admissible function in (10). By Sobolev’s integral representation (see, for
example, [23, 1.1.10]), we have for all y ∈ g and z ∈ \G
1((y) − (z))pc |y − z|p−n
∫

|grad(x)|p dx,
which implies
(dist(g, G))n−pc capp(g,G).
It remains to refer to Lemma 1. 
Let us see how criterion (5) follows from Lemma 1.
Theorem 1. Let n=1 and 1pq <∞. Inequality (4) holds for all f ∈ C∞0 () if and only if condition(5) is satisﬁed. The sharp constant C in (4) is equivalent to
sup
x,d,
(d(x))
1/q
(1−p + (d+(x))1/p
,
where x, d,  are the same as in (5).
100 V. Maz’ya / Journal of Computational and Applied Mathematics 194 (2006) 94–114
Proof. Let g0 = (a, b),G0 = (A,B) and A<a <b<B. It is an easy exercise to show that
capp(g0,G0) = (a − A)1−p + (B − b)1−p. (18)
(For the proof of a more general formula for a weighted p-capacitance see either Lemma 4 in [21] or
Lemma 2.2.2/2 in [23].) Hence, by setting g = d(x) and G = d+(x) into (14), we obtain
(d(x))
1/qK(21−p + (d+(x))1/p,
which implies the necessity of (5). In order to prove the sufﬁciencywe need to obtain (14) for all admissible
sets g and G. Let G be the union of nonoverlapping intervals Gi and let gi = Gi ∩ g. Denote by hi the
smallest interval containing gi and by i the minimal distance from hi to R\Gi . By deﬁnition of the
p-capacitance (10) in the one-dimensional case, we have
capp(g¯i,Gi) = capp(h¯i,Gi)
and
capp(g,G) =
∑
i
capp(gi,Gi).
Hence, and by (18) applied to the intervals hi and Gi ,
capp(g¯,G)
∑
i

1−p
i . (19)
Using (5), we obtain
(gi)
1/q(hi)1/qA(
1−p
i + (Gi))1/q ,
where A is a positive constant independent of g and G. Since qp, we have
(g)p/q
∑
i
(gi)
p/q
,
which, together with (19), implies
(g)p/qAp
∑
i
(
1−p
i + (Gi))Ap(capp(g¯,G) + (G)).
The result follows from Lemma 1. 
In the next remark some other straightforward extensions of Theorem 1 are collected.
Remark 1. We obtain from (16) that the left-hand side in (4) can be replaced with(∫ ∞
0
(Mt)
p/q d(tp)
)1/p
without affecting Theorem 1. In other words, the space Lq() can be changed for the Lorentz space
Lq,p().
Another possible modiﬁcation of Theorem 1 concerns the Orlicz space LM(), where M is an arbi-
trary convex function on (0,∞), M(+0) = 0. Let N denote the complementary convex function to M .
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One can easily show (compare with Theorem 4 in [21]) that the condition
(d(x))N
−1
(
1
(d(x))
)
const(1−p + (d+(x)))1/p
is necessary and sufﬁcient for the inequality∫ ∞
0
(M)N
−1
(
1
(M)
)
d(p)c
(∫

|f ′|p dx +
∫

|f |p d
)
as well as for the inequality
‖ |u|p ‖LM()c
(∫

|f ′|p dx +
∫

|f |p d
)
.
It is well known that the weight w in the integral∫

|f ′(x)|pw(x) dx
can be removed by the change of the variable x:
 =
∫ dx
w(x)1/(p−1)
.
Therefore, Theorem 1 leads to a criterion for three-weight inequality(∫

|f |q d
)1/q

(∫

|f ′|p d +
∫

|f |p d
)1/p
,
where  is a nonnegative measure. Note that the singular part of  does not inﬂuence the validity of the
last inequality (compare with [27] and [23, Section 1.3.1]).
Remark 2. Let n=1. With p ∈ (1,∞) and the measure , we associate a functionR of an interval d(x)
by the equality
R(d(x)) = sup{ : 1−p > (d+(x))}, (20)
with d+(x) ⊂  as everywhere. Clearly,
R(d(x))
1−p inf{ : 1−p + (d+(x))}2R(d(x))1−p, (21)
which shows that criterion (5) can be written as
sup
d (x)⊂
R(d(x))
(p−1)/p(d(x))1/q <∞.
Remark 3. According to Theorem 2 in [21] (see also Theorem 2.1.3 in [23]), inequality (4) with p=1,
q1, is equivalent to the inequality
(g)1/qC(2 + (g)),
where g is an arbitrary interval and C is the same constant as in (4).
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Similarly to (4), we can characterise the inequality(∫

|f |q d
)1/q
C
(∫

|f ′|p dx
)	/p(∫

|f |r d
)(1−	)/r
(22)
by using the following assertion proved in [22].
Lemma 2 (see [21, Theorem 5] or [23, Theorem 2.3.9]). Let n1, p1 and 	 ∈ [0, 1]. If the inequality(∫

|f |q d
)1/q
C
(∫

|gradf |p dx
)	/p(∫

|f |r d
)(1−	)/r
(23)
is valid for all f ∈ C∞0 () and some positive r and q, then there exists a constant  such that for all open
bounded subsets g and G of  such that g¯ ⊂ G, G ⊂ , the inequality
(g)p/q capp(g¯,G)	(G)(1−	)p/r (24)
holds.
If (24) holds for all g and G as above, then (23) is valid for all functions f ∈ C∞0 () with 1/q
(1 − 	)/r + 	/p.
Arguing as in the proof of Theorem 1, we arrive at the following criterion for (22).
Theorem 2. Let n=1, p1 and 	 ∈ [0, 1]. If inequality (22) holds for all f ∈ C∞0 () and some positive
r and q, then there exists a constant > 0 such that
(d(x))
1/q

	(p−1)/p
(d+(x))(1−	)/r (25)
for all x ∈ , d > 0 and > 0 such that d+(x) ⊂ . Conversely, if (25) is true for some positive r and
q such that 1/q(1 − 	)/r + 	/p, then (22) holds.
Note that for p = 1 condition (25) is simpliﬁed
(d(x))
r/q(1−	)const (d(x)).
For the particular case =, inequality (22) admits the following simpler characterisation which results
from [21, Theorem 5].
Theorem 3. (i) Let n = 1, and let the inequality
(d(x))
const (1−p)/p (26)
with p1, and > 0, hold for all x ∈ , d > 0 and > 0 such that d+(x) ⊂ . Furthermore, let q be a
positive number satisfying one of the conditions: (i) q−1 if p1 or (ii) q < −1 if p> 1. Then the
inequality(∫

|f |q d
)1/q
C
(∫

|f ′|p dx
)	/p(∫

|f |r d
)(1−	)/r
(27)
with r ∈ (0, q) and 	 = (q − r)/(1 − r)q, is valid for any function f ∈ C∞0 ().
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(ii) Conversely, let p1, > 0 and r ∈ (0, −1]. Furthermore, let the inequality (27) with 	 =
(q − r)/(1 − r)q be fulﬁlled for any function f ∈ C∞0 (). Then (26) holds for all x and d such
that d+(x) ⊂ .
Remark 4. Comparing Theorems 1 and 3 we see that the multiplicative inequality (27) is equivalent to
(∫

|f |1/ d
)
C
(∫

|f ′|p dx
)1/p
if p1.
The next assertion concerning an arbitrary charge  (not a nonnegative measure as elsewhere) follows
directly from [23, Theorem 2.3.8].
Theorem 4. Let n = 1, and let + and − denote the positive and negative parts of the charge ,
respectively.
(i) Let  ∈ (0, 1) andp> 1. If the inequality
+(d(x))C1−p + (1 − )−(d+(x))
holds for all x ∈ , d > 0, > 0, such that d+(x) ⊂ , then for all f ∈ C∞0 ()∫

|f |pdC
∫

|f ′|p dx. (28)
(ii) If (28) is true, then
+(d(x))C1−p + −(d+(x)) (29)
for all x ∈ , d > 0, > 0, such that d+(x) ⊂ .
Example 1. We show that (29) is not sufﬁcient for (28). Let + and − be theDiracmeasures concentrated
at the points 0 and 1, respectively. We introduce the sequence of piecewise linear functions {m}∞m=1 on
R by
m(x) = 0 for |x|>mp/(p−1),
m(0) = 1, m(1) = 1 − m−1.
Then ∫
R
|m|p d =
p
m
(1 + o(1)) and
∫
R
|′m|p dx ∼ m−p as m → ∞
and therefore (28) fails. However, condition (29) holds with C = 1. In order to check this, we need to
consider only the case +(d(x)) = 1 and −(d+(x)) = 0, when clearly 1 and 1−p1.
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4. A p-capacity depending on  and its applications to inequalities (4) and (13)
Let n1 and let K denote a compact subset of . We introduce a relative p-capacity of K with respect
to , depending on the measure , by
capp(K,, ) = inf
(
‖grad‖pLp +
∫

||p d
)
, (30)
where inﬁmum is extended over all functions  ∈ C∞0 () such that 1 onK . Arguing as in [23, Section
2.2], one can show that the inﬁmum in (30) will be the same if the set of admissible functions is replaced
with { ∈ C∞0 () :  = 1 on K 01 on }.
Making small changes in the proof of Proposition 1, one arrives at the inequality∫ ∞
0
capp(Mat ,Mt , ) d(tp)c(p)
(
‖gradf ‖pLp +
∫

|f |p d
)
,
where a = const > 1 and f ∈ C∞0 (). By this inequality one can easily obtain the following condition,
necessary and sufﬁcient for (13) with qp:
(g)p/qconst capp(g,, ) (31)
for all bounded open sets g with g ⊂ .
The next lemma shows directly that (31) is equivalent to (14).
Lemma 3. The equivalence relation holds,
capp(K,, ) ∼ inf
G
(capp(K,G) + (G)), (32)
where inﬁmum is taken over all bounded open sets G such that K ⊂ G and G ⊂ .
Proof. Let > 0, f ∈ C∞0 (), f = 1 on K , 0f 1 on  and
capp(K,, ) + ‖grad f ‖pLp +
∫

|f |p d.
Then
capp(K,, ) + 
∞∑
k=0
2−p(k+1)
∫
M2−k−1\M2−k
|grad(2k+1f − 1)|p dx +
∫ 1
0
(Mt) d(tp)
c
∞∑
k=0
2−pk(capp(M2−k ,M2−k−1) + (M2−k−1)).
Since capp(M2−k ,M2−k−1)capp(K,M2−k−1), it follows that
capp(K,, ) + c inf
G
(capp(K,G) + (G)).
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The estimate
capp(K,, )capp(K,G) + (G)
is obvious. The result follows. 
We introduce the capacity minimising function
Sp(t) = inf capp(g,, ),
where the inﬁmum is taken over all bounded open sets g, g ⊂ , satisfying (g)> t .
By Lemma 3,
Sp(t) ∼ inf
g,G
(capp(g,G) + (G))
with the inﬁmum extended over open sets g and G such that g ⊂ G, G ⊂ , and (g)> t . Obviously,
condition (31) is equivalent to
sup
tp/q
Sp(t)
<∞.
Making trivial changes in the proof of Theorem 1 [25] (see also [26, Theorem 8.5.3]), we arrive at the
condition, necessary and sufﬁcient for (13) with 0<q <p, p1:
∫ ∞
0
(
tp/q
Sp(t)
)q/(p−q) dt
t
<∞. (33)
It follows from the proof of Theorem 1 that in the one-dimensional case
Sp(t) ∼ inf{ : 1−p + (d+(x))}
with the inﬁmum taken over all x, d,  such that d+(x) ⊂  and
(d(x))> t . (34)
By (21),
Sp(t) ∼ inf R(d(x))1−p,
where the inﬁmum is taken over all intervals d(x), d(x) ⊂ , satisfying (34).
5. Compactness and essential norm
We deﬁne the space ˚W 1p() as the closure of C∞0 () with respect to the norm
‖f ‖
˚W 1p()
=
(∫

|f ′(x)|p dx +
∫

|f (x)|p d
)1/p
.
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Condition (5) is a criterion of boundedness for the imbedding operator
Ip,q : ˚W 1p() → Lq()
for qp1. By Theorem 1,
‖Ip,q‖ ∼ sup
x,,d
(d(x))
1/q
{1−p + (d+(x))}1/p
, (35)
where x,  and d are subject to d+(x) ⊂ .
In this section we establish a compactness criterion for Ip,q with qp1 and obtain sharp too-sided
estimates for the essential norm of Ip,q . We recall that the essential norm of a bounded linear operator A
acting from X into Y , where X and Y are linear normed spaces, is deﬁned by
ess ‖A‖ = inf
T
‖A − T ‖
with inﬁmum taken over all compact operators T : X → Y .
Theorem 5. If qp1, then the operator Ip,q is compact if and only if
lim
M→∞ supx,,d
(d(x)\[−M,M])1/q
{1−p + (d+(x))}1/p
= 0, (36)
where x,  and d are the same as in (35).
Proof (Sufﬁciency). Let ′ for the restriction of  to the segment [−M,M] and let M =  − ′M . We
deﬁne the imbedding operators
IM : ˚W 1p() → Lq(M) and I ′M : ˚W 1p() → Lq(′M)
as well as the imbedding operators
iM : Lq(M) → Lq() and i′M : Lq(′M) → Lq().
We have
Ip,q = iM ◦ IM + i′M ◦ I ′M . (37)
We prove that I ′M is compact. Consider the imbedding operators
ICM : ˚W 1p() → C([−M,M]),
iCM : C([−M,M]) → Lq(′M),
where C([−M,M]) is the space of continuous functions with the usual norm. Clearly, I ′M = iCM ◦ ICM .
Since ICM is compact for anyM > 0 by the Arzela theorem, the operator I
′
M is compact too. The condition‖IM‖ → 0 as M → ∞ is equivalent to (36) owing to (35), with IM instead of Ip,q .
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Necessity: Let Ip,q be compact and let B denote the unit ball in ˚W 1p(). The set Ip,qB is relatively
compact in Lq(). Therefore, for any > 0 there exists a ﬁnite -net {fj }Nj=1 ⊂ Ip,qB = B for the set
Ip,qB. Given any fj , there exists a number Mj() such that∫
|x|>Mj ()
|fj (x)|q d(x)< q .
Let M() be equal to supjMj (). Then for any f ∈ B and for some i ∈ {1, N} we have(∫

|f (x)|q dM()(x)
)1/q
‖f − fj‖Lq() +
(∫

|fj (x)|q dMj()(x)
)1/q
< 2.
Hence inequality (4) holds with M() and 2 instead of  and C. Now (36) follows from the necessity
part in Theorem 1. 
Theorem 6. Let qp1 and
E(, ) := lim
M→∞ supx,,d
(d(x)\[−M,M])1/q
{1−p + (d+(x))}1/p
.
There exist positive constants c1 and c2 such that
c1E(, )ess ‖Ip,q‖c2E(, ). (38)
Proof. We use the same notation as in the previous theorem. The upper bound in (38) is a consequence
of the sufﬁciency part in the proof of Theorem 3.
Let T be any compact operator: ˚W 1p() → Lq() and let  be any positive number. We choose T to
satisfy
ess‖Ip,q‖‖Ip,q − T ‖ − . (39)
There exists a positive M() such that for any f ∈ B∫

|Tf (x)|q dM()(x)< q . (40)
We introduce the truncation operator M : Lq() → Lq(M) by
(Mf )(x) =
{
0, |x|<M,
f (x), |x|M.
Using (39) and (40), we obtain
ess ‖Ip,q‖‖IM() − M() ◦ T ‖ − ‖IM()‖ − 2.
By (35) applied to IM() instead of Ip,q ,
‖IM()‖c sup
x,,d
M()(d(x))
1/q
{1−p + (d+(x))}1/p
c1E(, ).
The result follows. 
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Remark 5. Making obvious changes into the [26, proof of Theorem 8.6.2], one can conclude that the
imbedding operator Ip,q with 0<q <p, p1 is compact and bounded simultaneously. In other words,
condition (33) is necessary and sufﬁcient for the compactness of Ip,q with these p and q.
6. Inequality (3) with l2
From Theorem 1 we deduce a characterisation of inequality (7) for nonnegative functions.
Theorem 7. Let n = 1 and 1<pq <∞. Inequality (7) holds for all f ∈ C∞0 () and f 0 on , if
and only if there exists a constant K > 0 such that
(d(x))
1/qK(1−2p + (d+(x)))1/p (41)
for all x ∈ , d > 0 and > 0 satisfying d+(x) ⊂ .
Proof. In order to prove the necessity, we set a function f in (7), which is subject to f ∈ C∞0 (), f = 1
on d(x), f = 0 outside d+(x) and 0f (x)1 on . Then
(d(x))
1/qC
(∫
d+(x)\d (x)
|f ′′(y)|p dy + (d+(x))
)1/p
.
Clearly, f can be chosen on d+(x)\d(x) so that the integral on the right does not exceed c(p)1−2p.
Estimate (41) follows.
Let us turn to the proof of sufﬁciency of (41). Let f ∈ C∞0 () satisfy suppf = [a, b] ⊂  and f > 0
for x ∈ (a, b). Then f 1/2 ∈ W 12p(a, b) and∫ b
a
|f ′|2p
f p
dx
(
2p − 1
p − 1
)p ∫ b
a
|f ′′|p dx (42)
according to [23, Lemma 8.2.1]. (One can easily construct a sequence of functions f showing that the
constant factor in the right-hand side of (42) is sharp.) By Theorem 1 we ﬁnd that the function u := f 1/2
satisﬁes(∫ b
a
|u|2q d
)1/2q
cK1/2
(∫ b
a
|u′|2p dx +
∫ b
a
|u|2p d
)1/2p
.
This inequality, being combined with (42), gives (7).
Let f be an arbitrary nonnegative function in C∞0 (). Representing  as the union of nonoverlapping
intervals with the same properties as (a, b) we complete the proof. 
An alternative proof of Theorem 7 relies upon the following conductor inequality whose proof is based
upon the smooth level truncation introduced in [21] (see also [23, Section 8.2.1]).
Proposition 2. Let n1, f ∈ C∞0 (), f 0, a = const> 1, and p> 1. Then∫ ∞
0
cap+p,2(Mat ,Mt) d(t
p)c(p, a)
∫

|grad2f |p dx, (43)
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where grad2 = {2/xixj }ni,j=1 and
cap+p,2(g,G) = inf
{∫
G
|grad2(x)|p dx :  ∈ C∞0 (G), 10 on G,
 = 1 in a neighborhood of g
}
. (44)
(Concerning the measurability of the function t → cap+p,2(Mat ,Mt) see the beginning of the proof of
Proposition 1.)
Proof. Let H ∈ C2(R),
H(x) =
{
0, for x < ,
1, for x > 1 − ,
where  is an arbitrary number in (0, 1). By (44),
cap+p,2(Mat ,Mt)
∫

∣∣∣∣ grad2
(
H
(
f (x) − t
(a − 1)t
)) ∣∣∣∣
p
dx

c(a)
tp
∫
Mt\Mat
( |grad f |2p
f p
+ |grad2f |p
)
dx.
Hence the left-hand side in (43) is dominated by
p c(a)
∫ ∞
0
∫
Mt\Mat
( |grad f |2p
f p
+ |grad2f |p
)
dx
dt
t
.
Owing to (12), this can be written as
p c(a) log a
∫

( |grad f |2p
f p
+ |grad2f |p
)
dx,
which does not exceed the right-hand side of inequality (43) in view of (42). The result follows. 
Example 2. Let us show that condition (41) is not sufﬁcient for (7) with p= 1. Let  be Dirac’s measure
concentrated at x = 0 and let d(x) = (1 + x2)−1 dx. Obviously, condition (41) holds. We construct a
sequence of nonnegative functions m ∈ C∞0 (R),m=1, 2, . . . , deﬁned by m(x)=m(x−m−1), where
m is a smooth, nonnegative, even function onR, vanishing for xm+1 and such that m(x)=m+1−x
for 1xm. Then m(0) = 0,∫
R
|′′m| dx = const,
∫
R

q
m d → ∞,
i.e. inequality (7) with p = 1 fails.
Example 3. We shall check that (41) does not sufﬁce for (7) to be valid for all f ∈ C∞0 (R) if p1. Let
 and  be Dirac’s measures concentrated at 0 and 1, respectively. Consider the function 0 ∈ C∞0 (R)
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such that 0(x) = x for x ∈ [−1, 1]. We set m(x) = 0(x/m). Then(∫
R
|m|q d
)1/q
= m−1,
(∫
R
|′′m|p dx
)1/p
= cm−2+1/p
and inequality (7) fails for p> 1. The case p = 1 was treated in Example 2.
Example 4. Now we consider the case of the derivative of order l3 in inequality (3) for all f ∈ C∞0 ()
such that f (x)0 on . By the obvious relation
inf
{∫ b
a
|f (l)(x)|p dx : f ∈ C∞[a, b], f (x)0, f (a) = 0, f (b) = 1
}
= cl,p(b − a)1−lp,
we obtain the following necessary condition for (3)
sup
x∈,d>0
(d(x))
1/q
(
inf
d+(x)⊂
(
1−pl + (d+(x))
))−1/p
<∞. (45)
We shall verify that this condition is not sufﬁcient for (3) when l3 and p1.
Suppose ﬁrst that p> 1. Let  and  be Dirac’s measures concentrated at 0 and 1, respectively.
Then (45) holds. Let 0 be a nonnegative function in C∞0 (R) such that 0(x) = x2 for |x|1. We put
m(x) = 0(x/m), m = 1, 2, . . . . Then∫
R
|m|q d = m−2q,
∫
R
|(l)(x)|p dx = cm1−pl
and inequality (3) fails.
Consider the remaining case l = 3, p = 1. Let  be Dirac’s measure at O. Then condition (1) has the
form
sup
x
(1 + x2)((x,∞))1/q < const.
For d(x) = (1 + |x|)−2q−1 the last condition holds.
We introduce the sequence {m(x)}m1 by
m(x) =
∫ x
0
m(t) dt for |x|2m + 2,
where m is the same as in Example 2. For |x|2m + 2 we deﬁne m so that m0 and
sup
m
∫ ∞
2m+2
|(3)m (t)| dt <∞.
We see that∫
R
|(3)m | dt =
∫ 2m+2
−∞
|′′m| dt +
∫ ∞
2m+2
|(3)m | dt <∞
and inequality (3) with p = 1, l = 3 does not hold.
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7. Two-weight inequalities involving fractional Sobolev norms
Let us consider the inequality(∫
Rn
|f |q d
)1/q
c
(
〈f 〉pp,l +
∫
Rn
|f |p d
)1/p
, (46)
where f ∈ C∞0 (Rn), p1, 0< l < 1, and
〈f 〉pp,l =
∫
Rn
∫
Rn
|f (x) − f (y)|p
|x − y|n+pl dx dy.
As is well known [36], any smooth extension of f onto Rn+1 admits the estimate
〈f 〉pp,lc
∫
Rn+1
|xn+1|p(1−l)−1|gradF |p dx dxn+1 (47)
and there exists a linear extension operator f → F ∈ C∞(Rn+1) decaying to 0 at inﬁnity and such that∫
Rn+1
|xn+1|p(1−l)−1|gradF |p dx dxn+1c〈f 〉pp,l . (48)
The same argument as in Proposition 1 leads to a conductor inequality, similar to (1), for the integral∫
Rn+1
|xn+1|p(1−l)−1|gradF |p dx dxn+1, (49)
with the left-hand side involving the conductor capacitance generated by (49) (compare with (10)).
Minimizing (49) over all extensions of f and using (47) and (48), we arrive at the fractional conductor
inequality∫ ∞
0
capp,l(Mat ,Mt) d(tp)c(l, p, a)〈f 〉pp,l , (50)
where a > 1 and
capp,l(g,G) = inf〈〉pp,l (51)
with the inﬁmum taken over all  ∈ C∞0 (G) subject to = 1 on g, = 0 outside G, and 10 on G.
This inﬁmum does not change if one requires  ∈ C∞0 (Rn), 1 on g and 0 outside G.
By (50) we obtain the following criterion for (46).
Theorem 8. Let 1pq. Inequality (46) holds for all f ∈ C∞0 (Rn) if and only if there exists a constant
K such that for all open bounded sets g and G subject to g ⊂ G there holds
(g)1/qK (capp,l(g,G) + (G))1/p. (52)
The proof does not differ from that of Lemma 1 (see [21, Lemma 4] or [23, Lemma 2.2.2/2]).
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Remark 6. The last criterion can be simpliﬁed for p = 1, q1, as follows
(g)1/qK
(∫
g
∫
Rn\g
dx dy
|x − y|n−pl + (g)
)
for all open bounded sets g. In fact, the necessity results by setting the characteristic function of g into
(46). The sufﬁciency follows from
〈u〉1,l = 2
∫ ∫
|u(x)| |u(y)|
∫ |u(y)|
|u(x)|
dt
dx dy
|x − y|n+l = 2
∫ ∞
0
∫
Mt
∫
Rn\Mt
dx dy
|x − y|n+l dt
combined with (14) where p = 1.
We turn to the inequality(∫
Rn
|f |q d
)1/q
c
(
〈grad f 〉pp,1+l +
∫
Rn
|f |p d
)1/p
, (53)
where f ∈ C∞0 (Rn), f 0, and 0< l < 1.
Lemma 4. Let F ∈ C∞(Rn+1) and F 0. Then there exists a positive constant c = c(n, p, l) such that∫
Rn+1
|xn+1|p(1−l)−1 |gradF |
2p
Fp
dx dxn+1c
∫
Rn+1
|xn+1|p(1−l)−1|grad2F |p dx dxn+1. (54)
Proof. Estimate (54) with (F/x1, . . . , F/xn) instead of gradF in the left-hand side follows imme-
diately from (42). In order to estimate the integral involving only the derivative F/xn+1 we need the
next inequality for nonnegative functions of one variable∫
R
|t |p(1−l)−1 |f
′(t)|2p
f (t)p
dtc
∫
R
|t |p(1−l)−1|f ′′(t)|p dt , (55)
which can be proved as follows. According to [24],
f ′(t)2
f (t)
cMf ′′(t),
where M is the Hardy–Littlewood maximal operator. Since the weight |t |p(1−l)−1 belongs to the
Muckenhoupt class Ap, inequality (55) results from the boundedness of M in Lp(R; |t |p(1−l)−1dt).
The proof of (54) is complete. 
We state a direct corollary of Lemma 4.
Corollary 2. Let F be the same as in Lemma 4 and let h be a function in C1,1(0,∞) such that C :=
sup{t > 0 : |h′(t)| + t |h′′(t)|<∞}. Then
‖ |xn+1|1−l−1/pgrad2h(F )‖Lp(Rn+1)c C ‖ |xn+1|1−l−1/pgrad2F‖Lp(Rn+1).
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Let f ∈ C∞0 (Rn), f 0. The standard extension operator with nonnegative radial kernel gives a
nonnegative extension F ∈ C∞(Rn+1) of f satisfying
‖ |xn+1|1−l−1/pgrad2F‖Lp(Rn+1)c 〈f 〉p,1+l .
Therefore, arguing as in the proof of Proposition 2 and using the last inequality and the trace inequality
(47), we arrive at the conductor inequality∫ ∞
0
cap+p,1+l(Mat ,Mt)d(t
p)c(l, p, a)〈f 〉pp,1+l , (56)
where
cap+p,1+l(g,G) = inf{〈〉pp,1+l :  ∈ C∞0 (G), 10 on G,
and  = 1 on a neighbourhood of g}.
Repeating the proof of Lemma 1 and using (56) instead of (1), we arrive at the following criterion.
Theorem 9. Let 1pq. Inequality(∫
Rn
|f |qd
)1/q
c
(
〈f 〉pp,1+l +
∫
Rn
|f |p d
)1/p
holds for all nonnegative f ∈ C∞0 (Rn) if and only if there exists a constant K such that
(g)1/qK(cap+p,1+l(g,G) + (G))1/p
for all open bounded sets g and G subject to g ⊂ G.
References
[1] D.R. Adams, On the existence of capacitary strong type estimates in Rn, Ark. Mat. 14 (1976) 125–140.
[2] D.R. Adams, L.I. Hedberg, Function Spaces and Potential Theory, Springer, Berlin, 1996.
[3] D.R. Adams, M. Pierre, Capacitary strong type estimates in semilinear problems, Ann. Inst. Fourier (Grenoble) 41 (1991)
117–135.
[4] D.R. Adams, J. Xiao, Strong type estimates for homogeneous Besov capacities, Math. Ann. 325 (4) (2003) 695–709.
[5] D.R. Adams, J. Xiao, Nonlinear potential analysis on Morrey spaces and their capacities, Indiana Univ. Math. J. 53(6)
(2004) 1629–1663.
[6] S.-K. Chua, R.L. Wheeden, Sharp conditions for weighted 1-dimensional Poincaré inequalities, Indiana Univ. Math. J 49
(2000) 143–175.
[7] B. Dahlberg, Regularity properties of Riesz potentials, Indiana Univ. Math. J. 28 (2) (1979) 257–268.
[8] E.B. Davies, Spectral Theory and Differential Operators, Cambridge University Press, Cambridge, 1995.
[9] E.B. Davies, A review of Hardy inequalities, Operator Theory, Advances and Applications, vol. 110, The Maz’ya
Anniversary Collection, vol. 2, Birkhäuser, 1999, pp. 55–67.
[10] P.J. Fitzsimmons, Hardy’s inequality for Dirichlet forms, J. Math. Anal. Appl. 250 (2000) 548–560.
[11] M. Fukushima, T. Uemura, On Sobolev and capacitary inequalities for contractive Besov spaces over d-sets, Potential
Anal. 18 (1) (2003) 59–77.
[12] M. Fukushima, T. Uemura, Capacitary bounds of measures and ultracontractivity of time changed processes, J. Math.
Pures Appl. 82 (5) (2003) 553–572.
114 V. Maz’ya / Journal of Computational and Applied Mathematics 194 (2006) 94–114
[13] A. Grigor’yan, Isoperimetric inequalities and capacities on Riemannian manifolds, Operator Theory, Advances and
Applications, vol. 110, The Maz’ya Anniversary Collection, vol. 1, Birkhäuser, 1999, pp. 139–153.
[14] K. Hansson, Embedding theorems of Sobolev type in potential theory, Math. Scand. 45 (1979) 77–102.
[15] K. Hansson, V. Maz’ya, I.E. Verbitsky, Criteria of solvability for multi-dimensional Riccati’s equation, Arkiv för Matem.
37 (1) (1999) 87–120.
[16] P.Hajlasz, Sobolev inequalities, truncationmethod, and Johndomains,Rep.Univ. JyväskyläDep.Math. Stat., 83, Jyväskylä,
2001.
[17] V. Kaimanovich, Dirichlet norms, capacities and generalized isoperimetric inequalities for Markov operators, Potential
Anal. 1 (1) (1992) 61–82.
[18] A. Kufner, L.-E. Persson, Weighted Inequalities of Hardy Type, World Scientiﬁc Publishing, Singapore, 2003.
[19] V.G. Maz’ya, The negative spectrum of the higher-dimensional Schrödinger operator, Dokl. Akad. Nauk SSSR 144 (1962)
721–722.
[20] V.G. Maz’ya, On the theory of the higher-dimensional Schrödinger operator, Izv. Akad. Nauk SSSR. Ser. Mat. 28 (1964)
1145–1172.
[21] V.G. Maz’ya, On certain integral inequalities for functions of many variables, Problems of Mathematical Analysis,
Leningrad Univ. 3 (1972) 33–68 (Russian). English trans. J. Soviet Math. 1 (1973) 205–234.
[22] V.G. Maz’ya, Summability with respect to an arbitrary measure of functions from S.L. Sobolev-L. N. Slobodeckiı˘ spaces,
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 92 (1979) 192–202.
[23] V.G. Maz’ya, Sobolev Spaces, Springer, Berlin, 1985.
[24] V. Maz’ya, A. Kufner, Variations on the theme of the inequality (f ′)22f sup |f ′′|, Manuscripta Math. 56 (1986)
89–104.
[25] V. Maz’ya, Yu. Netrusov, Some counterexamples for the theory of Sobolev spaces on bad domains, Potential Anal. 4 (1995)
47–65.
[26] V. Maz’ya, S. Poborchi, Differentiable Functions on Bad Domains, World Scientiﬁc, Singapore, 1997.
[27] B. Muckenhoupt, Hardy’s inequalities with weights, Stud. Math. 44 (1972) 31–38.
[28] K.T. Mynbaev, M.O. Otelbaev, Weighted Functional Spaces and Differential Operator Spectrum, Moscow, Nauka, 1988.
[29] M. Nasyrova, V. Stepanov, On maximal overdetermined Hardy’s inequality of second order on a ﬁnite interval, Math.
Bohemica 124 (1999) 293–302.
[30] Yu.V. Netrusov, Sets of singularities of functions in spaces of Besov and Lizorkin-Triebel type, Trudy Math. Inst. Steklov
187 (1990) 185–203.
[31] R. Oinarov, On weighted norm inequalities with three weights, J. London Math. Soc. 48 (1993) 103–116.
[32] B. Opic, A. Kufner, Hardy-type Inequalities, Pitman Research Notes in Mathematics, vol. 129, 1990, Longman.
[33] M.O.Otelbaev, Imbedding theorems for spaceswith aweight and their application to the study of spectrum of a Schrödinger
operator, Trudy Mat. Inst. Steklov 150 (1979) 265–305.
[34] V.D. Stepanov, E.P. Ushakova, On integral operators with variable limits of integration, Trudy Math. Inst. Steklov 232
(2001) 298–317.
[35] M. Takeda, Lp-independence of the spectral radius of symmetric Markov semigroups, Canadian Math. Soc. Conf. Proc.
29 (2000) 613–623.
[36] S.V. Uspenskii, Imbedding theorems for classes with weights, Trudy Math. Inst. Steklov 60 (1961) 282–303 (Russian).
English translation: Amer. Math. Soc. Transl. 87 (1970) 121–145.
[37] I.E. Verbitsky, Superlinear equations, potential theory and weighted norm inequalities, Proceedings of the Spring School
VI, Prague, May 31–June 6, 1998.
[38] I.E. Verbitsky, Nonlinear potentials and trace inequalities, Operator Theory, Advances and Applications, vol. 110, The
Maz’ya Anniversary Collection, vol. 2, Birkhäuser, 1999, pp. 323–343.
[39] Z. Vondracˇek, An estimate for the L2-norm of a quasi continuous function with respect to smooth measure, Arch. Math.
67 (1996) 408–414.
